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HIGHLY CONNECTED 7-MANIFOLDS, THE LINKING
FORM AND NON-NEGATIVE CURVATURE
S. GOETTE, M. KERIN, AND K. SHANKAR
Abstract. In a recent article, the authors constructed a six-parameter
family of highly connected 7-manifolds which admit an SO(3)-invariant
metric of non-negative sectional curvature. Each member of this family
is the total space of a Seifert fibration with generic fibre S3 and, in
particular, has the cohomology ring of an S3-bundle over S4. In the
present article, the linking form of these manifolds is computed and
used to demonstrate that the family contains infinitely many manifolds
which are not even homotopy equivalent to an S3-bundle over S4, the
first time that any such spaces have been shown to admit non-negative
sectional curvature.
Closed manifolds admitting non-negative sectional curvature are not very
well understood and it is, at present, quite difficult to obtain examples with
interesting topology. This is partially explained by the dearth of known con-
structions, all of which depend in some way on two basic facts: First, com-
pact Lie groups admit a bi-invariant metric (hence, non-negative curvature)
and, second, Riemannian submersions do not decrease sectional curvature.
In [4], a 6-parameter family of non-negatively curved, 2-connected 7-
manifolds M7a,b was constructed, where the parameters a = (a1, a2, a3), b =
(b1, b2, b3) ∈ Z
3 satisfy ai, bi ≡ 1 mod 4, for all i ∈ {1, 2, 3}, and
gcd(a1, a2 ± a3) = 1 = gcd(b1, b2 ± b3).
Each of the manifoldsM7a,b is the total space of a Seifert fibration over an orb-
ifold S4 with generic fibre S3 and has the cohomology ring of an S3-bundle
over S4. In particular, H4(M7a,b;Z) = Z|n|, where n =
1
8 det
(
a2
1
b2
1
a2
2
−a2
3
b2
2
−b2
3
)
and, in the case n = 0, the notation Z0 signifies the integers Z. The mani-
folds M7a,b were shown in [4] to realise all exotic 7-spheres. To the authors’
knowledge, this was the first time that it was observed that all exotic 7-
spheres are Seifert fibred by S3. The following result is somewhat surprising.
Theorem A. Infinitely many of the manifolds M7a,b are not even homotopy
equivalent to an S3-bundle over S4.
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In the context of non-negative curvature, the construction of the manifolds
M7a,b fits neatly into the general scheme of increasing topological complex-
ity via reducing symmetry assumptions. The standard example of a non-
negatively curved manifold is a compact homogeneous space. In [6], Gromoll
and Meyer discovered the first example of an exotic sphere admitting non-
negative curvature by introducing the notion of a biquotient G/H, that is,
the quotient of a compact Lie group G by a closed subgroup H ⊆ G × G
acting freely on G via (h1, h2)·g = h1gh
−1
2 , g ∈ G, (h1, h2) ∈ H. Clearly, the
isometry group of a biquotient will, in general, be much smaller than that
of a homogeneous space. In contrast to the homogeneous situation, Totaro
[11] showed, for example, that there are infinitely many rational homotopy
types of (non-negatively curved) biquotients already in dimension 6.
An alternative approach to reducing symmetry is to assume that the
manifold in question has low cohomogeneity, that is, that the quotient by
a group of isometries is low dimensional. In particular, when the quotient
space is a closed interval, that is, for manifolds of cohomogeneity one, Grove
and Ziller [7] discovered sufficient conditions to ensure the existence of an
invariant metric of non-negative curvature, thus generalising earlier work of
Cheeger [2], and used this to demonstrate that all S3-bundles over S4 admit
a metric with non-negative curvature.
A cohomogeneity-one manifold as above naturally admits a codimension-
one singular Riemannian foliation whose leaves are the orbits of the action,
that is, are homogeneous spaces. It was observed by Wilking in [12] that
a manifold which admits a codimension-one singular Riemannian foliation
with biquotient leaves will also admit non-negative curvature, providing the
sufficient conditions of Grove and Ziller [7] are satisfied. The manifolds
M7a,b fall into this category and can thus be seen as a further success of the
strategy of symmetry reduction.
The manifolds mentioned in Theorem A occur in infinitely many coho-
mology types and are distinguished from S3-bundles over S4 by having a
non-standard linking form. In particular, these are the first manifolds with
non-standard linking form observed to admit non-negative curvature (cf. [5]),
thus implying that the linking form is not an obstruction to non-negative
sectional curvature.
Theorem B. Suppose the manifold M7a,b has H
4(M7a,b;Z) = Z|n|, n 6= 0.
Then there is a generator 1 ∈ H4(M7a,b;Z) such that the linking form of M
7
a,b
is given (up to sign) by
lk : H4(M7a,b;Z)⊗H
4(M7a,b;Z)→Q/Z
(x1, y1) 7→ ±
(
e1 b
2
1 + e0
(
b2
2
−b2
3
8
)) xy
n
mod 1
where e0, e1 ∈ Z satisfy e1 a
2
1 + e0
1
8 (a
2
2 − a
2
3) = 1.
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Observe that, if f0, f1 ∈ Z are chosen such that f1 b
2
1 + f0
1
8(b
2
2 − b
2
3) = 1,
then (
f1 a
2
1 + f0
(
a2
2
−a2
3
8
))(
e1 b
2
1 + e0
(
b2
2
−b2
3
8
))
≡ 1 mod n.
Therefore, the linking form of M7a,b can equivalently be written (up to sign)
as
lk(x1′, y1′) = ±
(
f1 a
2
1 + f0
(
a2
2
−a2
3
8
)) xy
n
mod 1
with respect to the generator 1′ :=
(
f1 a
2
1 + f0
(
a2
2
−a2
3
8
))
1 ∈ H4(M7a,b;Z).
It will be demonstrated in Lemma 4.1 thatM7a,b has standard linking form
whenever gcd(a1, b1) = 1. In particular, this is the case for all S
3-bundles
over S4. However, it is well known from [13] that there exist 2-connected 7-
manifolds with non-standard linking form which have the same cohomology
ring as in the case gcd(a1, b1) = 1: see, for instance, Example 1.3.
Observation. The manifolds M7a,b do not realise all 2-connected 7-manifolds
with the cohomolgy ring of an S3-bundle over S4.
In light of this observation, it is tempting to make the following conjecture.
Conjecture. Every 2-connected 7-manifold with the cohomology ring of an
S3-bundle over S4 admits a non-negatively curved, codimension-one singular
Riemannian foliation with singular leaves of codimension two, and a Seifert
fibration onto an orbifold S4 with generic fibre S3.
The paper is organised as follows. In Section 1, the construction and prop-
erties of the manifolds M7a,b are reviewed and relevant notation introduced,
before the linking form is introduced and some important facts recalled. In
Section 2, the structure of the manifolds M7a,b is used to obtain an under-
standing of the Bockstein homomorphism. Theorem B is proved in Section
3, while Section 4 is dedicated to the elementary number theory necessary
to construct explicit manifoldsM7a,b satisfying the conclusion of Theorem A.
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1. Preliminaries and notation
1.1. The manifolds M7a,b .
Suppose that a compact Lie group G acts smoothly on a closed, connected,
smooth manifold M via G ×M → M, (g, p) 7→ g · p. For each p ∈ M , the
isotropy group at p is the subgroup Gp = {g ∈ G | g · p = p} ⊆ G, and the
orbit through p is the submanifold G · p = {g · p ∈ M | g ∈ G} ⊆ M . The
manifold M is foliated by G-orbits and an orbit G · p is diffeomorphic to the
homogeneous space G/Gp.
The action G ×M → M is said to be of cohomogeneity one if there is
an orbit of codimension one or, equivalently, if dim(M/G) = 1. In such
a case, the manifold M is called a cohomogeneity-one (G-)manifold. If, in
addition, π1(M) is assumed to be finite, then the orbit space M/G can
be identified with a closed interval. By fixing an appropriately normalised
G-invariant metric on M , it may be assumed that M/G = [−1, 1]. Let
π : M → M/G = [−1, 1] denote the quotient map. The orbits π−1(t),
t ∈ (−1, 1), are called principal orbits and the orbits π−1(±1) are called
singular orbits.
Choose a point p0 ∈ π
−1(0) and consider a geodesic c : R→M orthogonal
to all the orbits, such that c(0) = p0 and π ◦ c|[−1,1] = id[−1,1]. Then, for
every t ∈ (−1, 1), one has Gc(t) = Gp0 ⊆ G, and this principal isotropy group
will be denoted by H ⊆ G. If p± = c(±1) ∈M , denote the singular isotropy
groups Gp± by K± respectively. In particular, H ⊆ K±.
By the slice theorem, M can be decomposed as the union of two disk-
bundles, over the singular orbits G/K− = π
−1(−1) and G/K+ = π
−1(+1)
respectively, which are glued along their common boundary G/H = π−1(0):
M = (G×K− D
l−) ∪G/H (G×K+ D
l+) .
Since the principal orbit G/H is the boundary of both disk-bundles, it fol-
lows that K±/H = S
l±−1, where l± denote the codimensions of G/K± ⊆M .
Conversely, given any chain H ⊆ K± ⊆ G, with K±/H = S
d± , one can
construct a cohomogeneity-one G-manifold M with codimension d±+1 sin-
gular orbits. For this reason, a cohomogeneity-one manifold is conveniently
represented by its group diagram:
G
K−
⑤⑤⑤⑤⑤⑤⑤⑤
K+
❇❇❇❇❇❇❇❇
H
⑤⑤⑤⑤⑤⑤⑤⑤
❇❇❇❇❇❇❇❇
In [7], the authors determined a sufficient condition for a cohomogeneity-
one manifold to admit non-negative curvature.
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Theorem 1.1 ([7]). Let G be a compact Lie group acting on a manifold M
with cohomogeneity one. If the singular orbits are of codimension 2, then
M admits a G-invariant metric of non-negative sectional curvature.
Consider now the subgroups
Q = {±1,±i,±j,±k},
Pin(2) = {eiθ | θ ∈ R} ∪ {eiθj | θ ∈ R},
Pjn(2) = {ejθ | θ ∈ R} ∪ {i ejθ | θ ∈ R}
of the group S3 of unit quaternions, where the notation Pjn(2) is intended
to be suggestive since, clearly, the groups Pin(2) and Pjn(2) are isomorphic,
the only difference being that the roles of i and j are switched.
For a = (1, a2, a3), b = (1, b2, b3) ∈ Z
3, with ai, bi ≡ 1 mod 4 for all i ∈
{1, 2, 3} and gcd(a1, a2, a3) = gcd(b1, b2, b3) = 1, a family of cohomogeneity-
one (S3×S3×S3)-manifolds P 10a,b was introduced in [4] via the group diagram
(1.1) S3 × S3 × S3
Pin(2)a
♣♣♣♣♣♣♣♣♣♣♣♣
Pjn(2)b
◆◆◆◆◆◆◆◆◆◆◆◆
∆Q
♣♣♣♣♣♣♣♣♣♣♣
◆◆◆◆◆◆◆◆◆◆◆◆
where the principal isotropy group ∆Q denotes the diagonal embedding of
Q into S3 × S3 × S3, and the singular isotropy groups are given by
Pin(2)a = {(e
ia1θ, eia2θ, eia3θ) | θ ∈ R} ∪ {(eia1θj, eia2θj, eia3θj) | θ ∈ R},
Pjn(2)b = {(e
jb1θ, ejb2θ, ejb3θ) | θ ∈ R} ∪ {(i ejb1θ, i ejb2θ, i ejb3θ) | θ ∈ R}.
Note that the restriction ai, bi ≡ 1 mod 4 is to ensure only that ∆Q is a
subgroup of both Pin(2)a and Pjn(2)b. The subfamily consisting of those
P 10a,b having a1 = b1 = 1 describes all principal (S
3 × S3)-bundles over S4;
see [7].
For the sake of notation, let G = S3×S3×S3 from now on. It was proven
in [4, Lemma 1.2] that the subgroup {1} ×∆S3 ⊆ {1} × S3 × S3 ⊆ G acts
freely on P 10a,b if and only if
(1.2) gcd(a1, a2 ± a3) = 1 and gcd(b1, b2 ± b3) = 1.
Therefore, given a cohomogeneity-one G-manifold P 10a,b determined by a
group diagram (1.1) satisfying the conditions (1.2), one obtains a smooth,
7-dimensional manifold M7a,b defined via
M7a,b = ({1} ×∆S
3)\P 10a,b .
6 S. GOETTE, M. KERIN, AND K. SHANKAR
Since the singular orbits of the cohomogeneity-one G-action on P 10a,b are of
codimension 2, it follows from Theorem 1.1 that each P 10a,b admits a G-
invariant metric of non-negative sectional curvature. As the free action
of {1} × ∆S3 is by isometries, there is an induced metric of non-negative
curvature on M7a,b.
By construction, there is a codimension-one singular Riemannian folia-
tion of M7a,b by biquotients, such that the leaf space is [−1, 1] and M
7
a,b
decomposes as a union of two-dimensional disk-bundles over the two singu-
lar leaves which are glued along their common boundary, a regular leaf. This
follows easily from the Slice Theorem applied to P 10a,b. Indeed, the action of
{1} ×∆S3 preserves the G-orbits of P 10a,b, and the image of an orbit G/U is
a leaf given by
(1.3) ({1} ×∆S3)\G/U ∼= (S3 × S3)/U ,
where this diffeomorphism is induced by
(q1 u1, q2 u2, q3 u3) 7→ (q1 u1, u
−1
2 q
−1
2 q3 u3),
for (q1, q2, q3) ∈ G and (u1, u2, u3) ∈ U ⊆ G. Viewing M
7
a,b in this way,
the gcd conditions (1.2) required in the definition are simply the conditions
ensuring that each of the biquotient actions on S3 × S3 is free.
If ε ∈ (−1, 1) and if τ : M7a,b → [−1, 1] denotes the projection onto the
leaf space of the codimension-one foliation of M7a,b by biquotients, define
M− = τ
−1([−1, ε)), M+ = τ
−1((−ε, 1]) and M0 = τ
−1(−ε, ε).
The preimagesM± are two-dimensional disk-bundles over the singular leaves
(S3 × S3)/Pin(2)a and (S
3 × S3)/Pjn(2)b, while M0 = M− ∩M+ ∼= (S
3 ×
S3)/∆Q× (−ε, ε). Clearly M7a,b =M− ∪M+.
It was shown in [4] that the manifolds M7a,b are 2-connected and that
(1.4) H4(M7a,b;Z) = Z|n|, where n =
1
8
det
(
a21 b
2
1
a22 − a
2
3 b
2
2 − b
2
3
)
.
The notation Z0 signifies the integers Z, in the case n = 0. From Lemmas
2.6 and 2.7 of [4] it follows that
Hj(M±;Z) =


Z, j = 0, 3,
Z2, j = 2, 5,
0, otherwise,
Hj(M0;Z) =


Z, j = 0, 6,
Z2 ⊕ Z2, j = 2, 5,
Z⊕ Z, j = 3,
0, otherwise.
(1.5)
Denote by
(1.6) i± : M± →֒M
7
a,b and j± :M0 →֒M±
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the respective inclusion maps, and by
(1.7) q± : (M
7
a,b, ∅) → (M
7
a,b,M±) and f± : (M∓,M0)→ (M
7
a,b,M±)
the maps of pairs induced by the identity map onM7a,b and by i± respectively.
Note, furthermore, that the maps on cohomology induced by the inclusions
j± are determined by the projection maps π± in the circle-bundles
S1 = Pin(2)a/∆Q −→ (S
3 × S3)/∆Q
pi−
−→ (S3 × S3)/Pin(2)a ,
S1 = Pjn(2)b/∆Q −→ (S
3 × S3)/∆Q
pi+
−→ (S3 × S3)/Pjn(2)b ,
since π± respect deformation retractions of M−, M+ and M0 onto the re-
spective leaves. In particular, the maps π∗± been computed in degree three in
[4, Equation (2.16)] and, with respect to fixed bases {x±} of H
3(M±;Z) = Z
and {v1, v2} of H
3(M0;Z) = Z⊕ Z, yield
j∗−(x−) =
1
8
(a22 − a
2
3) v1 + a
2
1 v2,
j∗+(x+) = −
1
8
(b22 − b
2
3) v1 − b
2
1 v2,
(1.8)
which, by the gcd conditions (1.2), are each generators of H3(M0;Z). Fi-
nally, by excision, the induced homomorphisms f∗± : H
j(M7a,b,M±;R) →
Hj(M∓,M0;R) are isomorphisms in all degrees, for any choice of coefficient
ring R.
1.2. The linking form.
IfM is an (s−1)-connected, closed, oriented, smooth, (2s+1)-dimensional
manifold, let THs(M) and TH
s+1(M ;Z) denote the torsion subgroups of
respective integral homology and cohomology groups. Let a ∈ Cs(M) be
a chain representing a homology class [a] ∈ THs(M). Then there is some
na ∈ Z such that na · [a] = 0 and, hence, some ca ∈ Cs+1(M) such that
na · a is the boundary of ca, that is, na · a = ∂ca. The linking form is a
non-degenerate, bilinear pairing defined by
lk : THs(N)⊗ THs(M)→ Q/Z
([a], [b]) 7→
Int(ca, b)
na
mod 1,
(1.9)
where Int : Cs+1(M) × Cs(M) → Z yields the signed count of intersections
of its arguments with respect to the orientation of M . The linking form is
symmetric (respectively, skew-symmetric) for s odd (respectively, s even).
It was introduced in [1] and [9].
Consider now the short exact sequence
0 −→ Z
m
−→ Q
r
−→ Q/Z −→ 0.
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The boundary homomorphism β : Hj(M ;Q/Z) → Hj+1(M ;Z) in the asso-
ciated long exact sequence
. . . −→ Hj(M ;Z)
m
−→ Hj(M ;Q)
r
−→ Hj(M ;Q/Z)
β
−→ Hj+1(M ;Z) −→ . . .
is called the Bockstein homomorphism. Observe that THj(M ;Z) ⊆ Im(β),
since THj(M ;Z) lies in the kernel of m : Hj(M ;Z)→ Hj(M ;Q).
Now, if D : Hj(M) → H
2s+1−j(M ;Z) denotes the inverse of Poincare´
duality, [M ] ∈ H2s+1(M) the fundamental class of M and 〈 , 〉 : H
j(M ;R)⊗
Hj(M)→ R the R-valued Kronecker pairing, the right-hand side of (1.9) is
given, modulo the integers, by
Int(ca, b)
na
= 〈wa ⌣ D([b]), [M ]〉,
where wa ∈ H
s(M ;Q/Z) is such that β(wa) = D([a]). That is, the linking
form can be rewritten as a non-degenerate, bilinear form
lk : THs+1(M ;Z)⊗ THs+1(M ;Z)→ Q/Z
(x, y) 7→ 〈w ⌣ y, [M ]〉 mod 1,
(1.10)
where β(w) = x ∈ THs+1(M ;Z). Note, in particular, that the sign of
the linking form depends on the choice of orientation on M . Furthermore,
if Hs+1(M ;Z) is torsion, that is, THs+1(M ;Z) = Hs+1(M ;Z), then M
being (s − 1)-connected implies that the Bockstein homomorphism is an
isomorphism and it follows from (1.10) that
(1.11) lk(x, y) = 〈β−1(x) ⌣ y, [M ]〉,
for all x, y ∈ Hs+1(M ;Z).
Suppose now that THs+1(M ;Z) is cyclic of order n. In this case, bilinear-
ity ensures that the linking form is completely determined by lk(1,1), where
1 is some generator of THs+1(M ;Z) = Zn. The linking form is said to be
standard if there exists an isomorphism θ : THs+1(M ;Z) → THs+1(M ;Z)
such that
lk(θ(1), θ(1)) =
1
n
∈ Q/Z.
Recall, however, that the group of isomorphisms of Zn is isomorphic to the
group of units Z∗n ⊆ Zn. Therefore, the linking form is standard if and only
if there is some unit λ ∈ Z∗n such that
lk(1,1) =
λ2
n
mod 1.
For 2-connected 7-manifolds, the linking form being standard imposes topo-
logical restrictions on the manifold.
Theorem 1.2 ([8, Corollary 2]). A closed, smooth, 2-connected 7-manifold
M , with H4(M ;Z) finite cyclic, is homotopy equivalent to an S3-bundle over
S4 if and only if its linking form is standard for some choice of orientation
on M .
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By work of Crowley and Escher [3] and Kitchloo and Shankar [8] (cf. [13]),
the homotopy equivalence in Theorem 1.2 can, in fact, be strengthened to
equivalence under a PL-homeomorphism.
The strategy for proving Theorem A is now clear. One must identify
manifolds M7a,b which have a non-standard linking form, regardless of the
choice of orientation. A simple example might shed some light on the number
theoretic side of the problem, even though, by Lemma 4.1, this particular
example cannot occur among the manifolds M7a,b.
Example 1.3. SupposeM is a closed, smooth, 2-connected 7-manifold with
H4(M ;Z) = Z5 and lk(1,1) =
2
5 ∈ Q/Z, for some generator 1 ∈ H
4(M ;Z).
Since ±2 ∈ Z5 is not the square of a unit in Z
∗
5 = {1, 2, 3, 4}, it follows from
Theorem 1.2 that M is not homotopy equivalent to an S3-bundle over S4.
A well-known fact from the study of quadratic reciprocities is being ex-
ploited in Example 1.3 and plays an important role in finding further exam-
ples; namely, for an odd prime p, the unit −1 ∈ Z∗p is a square if and only
if p ≡ 1 mod 4. Since the squares make up only half of all units in Zp, this
implies that multiplying a non-square by −1 will not turn it into a square
whenever p ≡ 1 mod 4. This observation will yield non-standard linking
forms, even up to a change of sign.
2. The Bockstein homomorphism
Since the formula (1.11) describes the linking form of the manifolds M7a,b,
it will be important in what follows to have a good understanding of the
Bockstein homomorphism for these manifolds.
Recall that M7a,b =M−∪M+ and M−∩M+ =M0 and suppose from now
on that
(2.1) H4(M7a,b;Z) = Z|n|, where n =
1
8
det
(
a21 b
2
1
a22 − a
2
3 b
2
2 − b
2
3
)
6= 0.
It follows from (1.5) and the long exact cohomology sequence for the pair
(M7a,b,M±) that
H3(M7a,b,M±;Z) = Z2 and H
5(M7a,b,M±;Z) = 0.
On the other hand, the long exact sequence for the pair (M∓,M0) yields a
short exact sequence
0 −→ H3(M∓;Z)
j∗∓
−→ H3(M0;Z) −→ H
4(M∓,M0;Z) −→ 0.
By (1.5) and (1.8), it now follows that H4(M∓,M0;Z) = Z. However,
excision implies that the map f∗± : H
4(M7a,b,M±;Z)→ H
4(M∓,M0;Z) is an
isomorphism, from which it may be concluded that
H4(M7a,b,M±;Z) = Z.
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M7a,b M± (M
7
a,b,M±)
H3(−, ;Z) 0 Z Z2
H3(−;Q) 0 Q 0
H3(−;Q/Z) Z|n| Q/Z 0
H4(−;Z) Z|n| 0 Z
H4(−;Q) 0 0 Q
H4(−;Q/Z) 0 Z2 Q/Z
Table 1. Important cohomology groups in Z, Q and Q/Z coefficients.
These considerations, together with the Universal Coefficient Theorem
for cohomology [10, Chap. 5, Theorem 10], now easily yield the cohomology
groups listed in Table 1.
From the short exact coefficient sequence
0 −→ Z
m
−→ Q
r
−→ Q/Z −→ 0,
together with the maps i± : M± →֒ M
7
a,b and q± : (M
7
a,b, ∅) → (M
7
a,b,M±),
one obtains a commutative diagram
(2.2) 0

0

0

0 // C∗(M7a,b,M±;Z)
q∗±
//
m

C∗(M7a,b;Z)
i∗±
//
m

C∗(M±;Z) //
m

0
0 // C∗(M7a,b,M±;Q)
q∗±
//
r

C∗(M7a,b;Q)
i∗±
//
r

C∗(M±;Q) //
r

0
0 // C∗(M7a,b,M±;Q/Z)
q∗±
//

C∗(M7a,b;Q/Z)
i∗±
//

C∗(M±;Q/Z) //

0
0 0 0
of cochain complexes. This induces a commutative diagram
THE LINKING FORM AND NON-NEGATIVE CURVATURE 11
(2.3)
H3(M7a,b,M±;Q/Z)

q∗±
// H3(M7a,b;Q/Z)
β

H3(M7a,b;Z)
i∗±
//
m

H3(M±;Z)
δ±
//
m

H4(M7a,b,M±;Z)
q∗±
//
m

H4(M7a,b;Z)
m

H3(M7a,b;Q)
i∗±
//
r

H3(M±;Q)
δ±
//
r

H4(M7a,b,M±;Q)
q∗±
//
r

H4(M7a,b;Q)
r

H3(M7a,b;Q/Z)
i∗±
//
β

H3(M±;Q/Z)
δ±
//

H4(M7a,b,M±;Q/Z)
q∗±
// H4(M7a,b;Q/Z)
H4(M7a,b;Z)
i∗±
// H4(M±;Z)
of long exact sequences for the pair (M7a,b,M±), where δ± : H
j(M±;R) →
Hj+1(M7a,b,M±;R), R ∈ {Z,Q,Q/Z}, denotes the coboundary homomor-
phism.
By exactness and by Table 1, it can immediately be deduced from diagram
(2.3): both the Bockstein homomorphism β : H3(M7a,b;Q/Z)→ H
4(M7a,b;Z)
and δ± : H
3(M±;Q) → H
4(M7a,b,M±;Q) are isomorphisms; the homomor-
phismsm : H4(M7a,b,M±;Z)→ H
4(M7a,b,M±;Q) and i
∗
± : H
3(M7a,b;Q/Z)→
H3(M±;Q/Z) are injective; and the homomorphims r : H
3(M±;Q) →
H3(M±;Q/Z) and q
∗
± : H
4(M7a,b,M±;Z) → H
4(M7a,b;Z) are surjective.
From these observations, it is now possible to gain some further under-
standing of the Bockstein homomorphism.
Proposition 2.1. Suppose M7a,b satisfies (2.1). Then, with the notation
above, the Bockstein homomorphism satisfies
i∗± ◦ β
−1 ◦ q∗± = r ◦ δ
−1
± ◦m : H
4(M7a,b,M±;Z)→ H
3(M±;Q/Z).
Proof. The proof will be on the level of cochains. If w± ∈ C
4(M7a,b,M±;Z)
represents a cohomology class [w±] ∈ H
4(M7a,b,M±;Z), then, since the
Bockstein homomorphism β : H3(M7a,b;Q/Z) → H
4(M7a,b;Z) is an isomor-
phism, there is a unique class [w] ∈ H3(M7a,b;Q/Z) such that β([w]) =
q∗±([w±]). Let w ∈ C
3(M7a,b;Q/Z) represent [w] ∈ H
3(M7a,b;Q/Z) and
q∗±(w±) ∈ C
4(M7a,b;Z) represent β([w]) = q
∗
±([w±]) ∈ H
4(M7a,b;Z).
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Recall that β : H3(M7a,b;Q/Z) → H
4(M7a,b;Z) arises by applying the
Snake Lemma to the commutative diagram
(2.4) 0 // C3(M7a,b;Z)
m //
δ

C3(M7a,b;Q)
r //
δ

C3(M7a,b;Q/Z)
//
δ

0
0 // C4(M7a,b;Z)
m // C4(M7a,b;Q)
r // C4(M7a,b;Q/Z)
// 0
of exact sequences of cochain groups, where δ : C3(M7a,b;R) → C
4(M7a,b;R)
is the coboundary map for coefficients in R. Since β([w]) = q∗±([w±]), a
cochain u ∈ C3(M7a,b;Q) may thus be chosen such that
(2.5) r(u) = w and δu = m(q∗±(w±)).
Notice, however, that the middle vertical map in (2.4) also appears in the
same position in the commutative diagram
(2.6) 0 // C3(M7a,b,M±;Q)
q∗±
//
δ

C3(M7a,b;Q)
i∗±
//
δ

C3(M±;Q) //
δ

0
0 // C4(M7a,b,M±;Q)
q∗±
// C4(M7a,b;Q)
i∗±
// C4(M±;Q) // 0
for the pair(M7a,b,M±). Observe that, although u ∈ C
3(M7a,b;Q) is only a
cochain, its image i∗±(u) under i
∗
± : C
3(M7a,b;Q) → C
3(M±;Q) is a cocycle.
Indeed, from (2.5) and the diagram (2.2) it may be deduced that
δ(i∗±(u)) = i
∗
±(δu) = i
∗
±(m(q
∗
±(w±))) = m(i
∗
±(q
∗
±(w±))) = 0.
Therefore, by applying the Snake Lemma to (2.6), the image δ±([i
∗
±(u)])
of the class [i∗±(u)] ∈ H
3(M±;Q) under the boundary homomorphism δ± :
H3(M±;Q) → H
4(M7a,b,M±;Q) can be represented by a cocycle c± ∈
C4(M7a,b,M±;Q) such that, by (2.5) and (2.2),
q∗±(c±) = δu = m(q
∗
±(w±)) = q
∗
±(m(w±)).
However, by (2.2), the cochain map q∗± : C
4(M7a,b,M±;Z) → C
4(M7a,b;Z)
is injective, implying that c± = m(w±) ∈ C
4(M7a,b,M±;Q) and, hence, that
δ±([i
∗
±(u)]) = [m(w±)] = m([w±]).
Since δ± : H
3(M±;Q) → H
4(M7a,b,M±;Q) is an isomorphism, it thus
follows from (2.2) and (2.5) that
r ◦ δ−1± ◦m([w±]) = r([i
∗
±(u)])
= i∗±([r(u)])
= i∗±([w])
= i∗± ◦ β
−1 ◦ q∗±([w±]),
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as desired, where the final equality is a consequence of β([w]) = q∗±([w±])
and the fact that β : H3(M7a,b;Q/Z)→ H
4(M7a,b;Z) is an isomorphism. 
3. The linking form
Associated to the decomposition M7a,b = M− ∪M+ of each M
7
a,b into the
union of two disk-bundles with M− ∩M+ = M0, there is a commutative
braid diagram
(3.1)
q∗−
%%❏
❏❏
❏❏
❏❏
''
H3(M+;R)
j∗+
((◗◗
◗◗
◗◗
◗
δ+
))
H4(M7a,b,M+;R)
q∗
+
))❙❙
❙❙❙
❙❙
$$
H3(M7a,b;R)
i∗+ 66♠♠♠♠♠♠♠
i∗−
((◗◗
◗◗
◗◗
H3(M0;R)
∂− 55❦❦❦❦❦❦❦
∂+
))❙❙
❙❙❙
❙❙❙
H4(M7a,b;R)
i∗−
99ttttttt
i∗+
%%❏
❏❏
❏❏
❏❏q∗+
99ttttttt
77
H3(M−;R)
j∗− 66♥♥♥♥♥♥♥
δ−
44
H4(M7a,b,M−;R)
q∗− 55❦❦❦❦❦❦❦
::
with coefficients in R ∈ {Z,Q,Q/Z}, where each braid is the long exact
sequence of a pair. In particular, the isomorphisms f∗± : H
j(M7a,b,M±;R)→
Hj(M∓,M0;R) given by excision are being used implicitly and the homo-
morphism ∂± : H
3(M0;R)→ H
4(M7a,b,M∓;R) corresponds to the boundary
homomorphism in the long exact sequence for the pair (M±,M0).
Furthermore, given the projection τ : M7a,b → [−1, 1] discussed in Sec-
tion 1.1, observe that the inclusion of the submanifold τ−1[0, 1] ⊆ M7a,b
with boundary τ−1{0} into the disk-bundle M+ induces a homotopy equiv-
alence (τ−1[0, 1], τ−1{0}) → (M+,M0). Therefore, Poincare´ duality holds
for (M+,M0) just as for compact, orientable manifolds with boundary. In
particular, if [M+] ∈ H7(M+,M0;Z) is a fundamental class, then
⌢ [M+] : H
k(M+,M0;R)→ H7−k(M+;R) ; α 7→ α ⌢ [M+]
is an isomorphism for all k. An analogous argument works for (M−,M0).
Let [M ] ∈ H7(M
7
a,b) be a fundamental class of M
7
a,b. Then (q−)∗[M ]
is a fundamental class for the pair (M7a,b,M−) and, by excision, there is
a fundamental class [M+] ∈ H7(M+,M0) for the pair (M+,M0) such that
(f−)∗[M+] = (q−)∗[M ].
Let x± ∈ H
3(M±;Z) = Z be the generators used in (1.8). By the
Universal Coefficient Theorem, together with Table 1, H3(M+;Z) is nat-
urally isomorphic to Hom(H3(M+),Z). Therefore, by Poincare´ duality, a
generator γ− ∈ H
4(M7a,b,M−;Z) = Z may be chosen such that f
∗
−(γ−) ∈
H4(M+,M0;Z) is a generator and the generator (f
∗
−(γ−))⌢ [M+] ∈ H3(M+)
is dual to x+.
By exactness and sinceH4(M7a,b;Z) = Z|n|, the boundary homomorphisms
δ± : H
3(M±;Z) = Z → H
4(M7a,b,M±;Z) = Z are given, up to sign, by
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multiplication by n. Therefore, a generator γ+ ∈ H
4(M7a,b,M+;Z) can be
chosen such that δ+(x+) = nγ+. Moreover, since m : H
4(M7a,b,M+;Z) →
H4(M7a,b,M+;Q) is injective and δ+ : H
3(M+;Q)→ H
4(M7a,b,M+;Q) is an
isomorphism, it follows from (2.3) that
(3.2) δ−1+ ◦m(γ+) =
1
n
m(x+) ∈ H
3(M+;Q).
Now, since q∗± : H
4(M7a,b,M±;Z) → H
4(M7a,b;Z) are surjective, a generator
of H4(M7a,b;Z) can be defined by 1 := q
∗
+(γ+). This is the generator men-
tioned in Theorem B and, furthermore, there is some λ ∈ Z such that λ mod
|n| is a unit in Z|n| and such that q
∗
−(λγ−) = 1.
Proposition 3.1. With the notation above, the linking form
lk : H4(M7a,b;Z)⊗H
4(M7a,b;Z)→ Q/Z
is given by lk(x1, y1) = λxyn mod 1.
Proof. By bilinearity, only lk(1,1) needs to be computed. By (1.11),
lk(1,1) = 〈β−1(1) ⌣ 1, [M ]〉
= 〈λβ−1(1) ⌣ (q∗−(γ−)), [M ]〉
= 〈λ q∗−(β
−1(1) ⌣ γ−), [M ]〉,
where the last equality follows from [10, page 251], since q− : (M
7
a,b, ∅) →
(M7a,b,M±) is induced by the identity map on M
7
a,b. By naturality of the
Kronecker pairing, it now follows that
lk(1,1) = 〈λβ−1(1) ⌣ γ−, (q−)∗[M ]〉
= 〈λβ−1(1) ⌣ γ−, (f−)∗[M+]〉
= 〈λ f∗−(β
−1(1) ⌣ γ−), [M+]〉
= 〈λ i∗+(β
−1(1)) ⌣ f∗−(γ−), [M+]〉,
where the last equality again follows from [10, page 251], since the map
f− : (M+,M0) → (M
7
a,b,M−) is induced by the inclusion i+ : M+ → M
7
a,b.
Now, by Proposition 2.1 and (3.2),
i∗+(β
−1(1)) = i∗+ ◦ β
−1 ◦ q∗+(γ+)
= r ◦ δ−1+ ◦m(γ+)
= r
(
1
n
m(x+)
)
.
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Therefore, by naturality with respect to the inclusion m : Z → Q and the
reduction r : Q→ Q/Z, it follows that
lk(1,1) =
〈
λ r
(
1
n
m(x+)
)
⌣ f∗−(γ−), [M+]
〉
= r
(
λ
n
m
(
〈x+ ⌣ f
∗
−(γ−), [M+]〉
))
= r
(
λ
n
m
(
〈x+, f
∗
−(γ−)⌢ [M+]〉
))
= r
(
λ
n
)
=
λ
n
mod 1,
as desired, where the second-last equality follows since (f∗−(γ−)) ⌢ [M+] ∈
H3(M+) is dual to x+ ∈ H
3(M+;Z). 
Therefore, in order to prove Theorem B, it remains only to determine the
value of λ ∈ Z in the formula for the linking form given in Proposition 3.1.
To this end, it is necessary to first introduce two further bases, {u1, u2} and
{w1, w2}, for H
3(M0;Z) = Z ⊕ Z, in addition to the basis {v1, v2} used in
(1.8). Recall from (1.2) that
gcd(a1, a2 ± a3) = 1 = gcd(b1, b2 ± b3).
Hence, there exist e0, e1, f0, f1 ∈ Z such that
e1 a
2
1 + e0
(
a22−a
2
3
8
)
= 1 and f1 b
2
1 + f0
(
b22−b
2
3
8
)
= 1.
Therefore, as each of the elements j∗−(x−) =
1
8(a
2
2 − a
2
3) v1 + a
2
1 v2 and
j∗+(x+) = −
1
8(b
2
2 − b
2
3) v1 − b
2
1 v2 is a generator of H
3(M0;Z), the two new
bases can be defined via
u1 := j
∗
−(x−), u2 := −e1 v1 + e0 v2
and
w1 := j
∗
+(x+), w2 := ε(−f1 v1 + f0 v2),
where ε ∈ {±1} is such that δ−(x−) = εnγ−. Define, in addition, the
integers
κ := f1 a
2
1 + f0
(
a2
2
−a2
3
8
)
and ρ := e1 b
2
1 + e0
(
b2
2
−b2
3
8
)
,
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for which the following congruence identities hold:
a21 ρ ≡ b
2
1 mod n,
b21 κ ≡ a
2
1 mod n,
1
8
(a22 − a
2
3) ρ ≡
1
8
(b22 − b
2
3) mod n,
1
8
(b22 − b
2
3)κ ≡
1
8
(a22 − a
2
3) mod n.
(3.3)
Observe, finally, that the basis element u2 can be written in terms of the
basis {w1, w2} as
(3.4) u2 = (e1 f0 − e0 f1)w1 + ερw2.
It is now possible to complete the proof of Theorem B.
Theorem 3.2. With the notation above, the linking form lk : H4(M7a,b;Z)⊗
H4(M7a,b;Z)→ Q/Z is given by
lk(x1, y1) = ±
ρ xy
n
mod 1.
Alternatively, with respect to the generator 1′ := κ1, the linking form is
given by lk(x1′, y1′) = ±κxyn mod 1.
Proof. From exactness and commutativity in the braid diagram (3.1), the
following identities hold:
∂± ◦ j
∗
± = 0 and ∂∓ ◦ j
∗
± = δ±.
Now, recall that δ+(x+) = n γ+ and δ−(x−) = εnγ− for some ε ∈ {±1}.
Therefore, it is a simple calculation to show that the homomorphisms ∂± :
H3(M0;Z)→ H
4(M7a,b,M∓;Z) are given by
∂−(v1) = −a
2
1 γ+, ∂−(v2) =
a22 − a
3
2
8
γ+
and
∂+(v1) = −εb
2
1 γ−, ∂+(v2) = ε
b22 − b
3
2
8
γ−,
respectively. From the definition of the bases {u1, u2} and {w1, w2}, it now
follows that
∂−(u1) = 0, ∂−(u2) = γ+, and ∂−(w2) = εκ γ+,
while
∂+(w1) = 0, ∂+(w2) = γ−, and ∂+(u2) = ερ γ−.
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Therefore, by (3.1) and (3.4),
λ q∗−(γ−) = 1
= q∗+(γ+)
= q∗+(∂−(u2))
= q∗−(∂+(u2))
= q∗−(∂+((e1 f0 − e0 f1)w1 + ερw2))
= ερ q∗−(∂+(w2))
= ερ q∗−(γ−) ∈ H
4(M7a,b;Z) = Z|n|,
from which it immediately follows that λ ≡ ερ mod n, as desired. The
final statement in the theorem follows from a direct calculation showing
that κρ ≡ 1 mod n, since this implies that 1′ = κ1 is a generator of
H4(M7a,b;Z) = Z|n|. 
4. Some elementary number theory
As a simple corollary of Theorem 3.2, it turns out that any M7a,b with
gcd(a1, b1) = 1 and satisfying (2.1) has standard linking form. Such mani-
folds include, of course, all S3-bundles over S4 with non-trivial H4, as de-
scribed by Grove and Ziller [7], which are well known to have standard
linking form [3].
Lemma 4.1. Every M7a,b with gcd(a1, b1) = 1 and satisfying (2.1) is homo-
topy equivalent, hence PL-homeomorphic, to an S3-bundle over S4.
Proof. Suppose that M7a,b has gcd(a1, b1) = 1. Then, by the definition of n,
gcd(a1, n) = 1 = gcd(b1, n),
that is, a1 mod n and b1 mod n are units in Z|n|. Therefore, a11 and b11
are generators of H4(M7a,b;Z) = Z|n|. In particular, by (3.3) and Theorem
3.2,
lk(a11, a11) = ±
a21 ρ
n
mod 1
= ±
b21
n
mod 1.
Now, by the definition of standard linking form in Section 1.2 and Theorem
1.2, the result follows. 
As a consequence of Lemma 4.1, to have any hope of obtaining mani-
folds M7a,b with non-standard linking form, it is necessary to assume that
gcd(a1, b1) 6= 1. In particular, this implies that there is some prime p divid-
ing n such that p2 also divides n. Therefore, as in Example 1.3, whenever n
is not divisible by p2 for all prime divisors p of n, there is the possibility of
finding manifolds with non-standard linking form which cannot be described
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as a manifoldM7a,b. Hence, the manifolds M
7
a,b do not realise all 2-connected
7-manifolds with H4 finite cyclic.
Returning to the search for manifolds M7a,b with non-standard linking
form, the following simple observation will prove useful.
Lemma 4.2. Suppose d ∈ N divides n ∈ N and that k ∈ Z is not a square
mod d. Then k ∈ Z is not a square mod n.
Proof. Suppose that there is some l ∈ Z such that k ≡ l2 mod n. Then it is
clear that k ≡ l2 mod d, a contradiction. 
It now turns out that it is reasonably straightforward to find examples of
manifolds M7a,b with non-standard linking form. To avoid that the compu-
tations to follow become unnecessarily complicated, let
a0 :=
a22 − a
2
3
8
, b0 :=
b22 − b
2
3
8
.
With this notation,
n = a21 b0 − a0 b
2
1,
1 = e1 a
2
1 + e0 a0,
1 = f1 b
2
1 + f0 b0.
(4.1)
Recall that, for p an odd prime and x ∈ Z, the Legendre symbol
(
x
p
)
is
defined via
(x
p
)
=


1, if x is a square mod p and x 6≡ 0 mod p,
−1, if x is not a square mod p,
0, if x ≡ 0 mod p.
The Legendre symbol has the following properties:(x
p
)
=
(y
p
)
, if x ≡ y mod p ;
(xy
p
)
=
(x
p
)(y
p
)
.
(4.2)
The first supplement to the law of quadratic reciprocity states that
(4.3)
(−1
p
)
= 1 if and only if p ≡ 1 mod 4,
that is, −1 is a square if and only if p ≡ 1 mod 4.
Theorem 4.3. Suppose M7a,b satisfies (2.1) and that there is a prime p ≡ 1
mod 4 such that p divides gcd(a1, b1). If a0 is not a square mod p and b0 is
a square mod p, then M7a,b has non-standard linking form and, hence, is not
even homotopy equivalent to an S3-bundle over S4.
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Proof. By Theorem 3.2, there is a generator 1 ∈ H4(M7a,b;Z) = Z|n| such
that lk(1,1) = ± ρn mod 1, with ρ = e1 b
2
1 + e0 b0. On the other hand, by
(4.1), e0 a0 ≡ 1 mod p. Since 1 is obviously a square mod p, (4.2) implies
that
1 =
(1
p
)
=
(e0 a0
p
)
=
(e0
p
)(a0
p
)
= −
(e0
p
)
,
because
(
a0
p
)
= −1, by hypothesis. That is,
(
e0
p
)
= −1.
Therefore, since p ≡ 1 mod 4 was assumed to divide b1,(±ρ
p
)
=
(±(e1 b21 + e0 b0)
p
)
=
(±e0 b0
p
)
=
(±1
p
)(e0
p
)(b0
p
)
= −1,
where the final equality follows from (4.3),
(
e0
p
)
= −1 and the hypothesis
that b0 is a square mod p.
Hence, ±ρ is not a square mod p and, by Lemma 4.2, it follows that ±ρ
is not a square mod n. However, since ±ρ is a unit in Z|n| (by the proof
of Theorem 3.2), this implies that M7a,b has a non-standard linking form, as
desired. 
Explicit examples satisfying the hypotheses of Theorem 4.3 are plentiful.
Indeed, note that, by a simply counting argument, for any prime p ≡ 1 mod
4 there must be a pair m, m+1, m ∈ {1, . . . , p− 2}, of consecutive integers
such that
(
m
p
)
= −1 and
(
m+1
p
)
= 1.
Corollary 4.4. Let p ≡ 1 mod 4 be an odd prime. If m ∈ {1, . . . , p − 2}
is such that
(
m
p
)
= −1 and
(
m+1
p
)
= 1, then a1 = b1 = p, |a2| = 2m − 1,
|a3| = |b2| = 2m + 1 and |b3| = 2m + 3 define a manifold M
7
a,b with non-
standard linking form.
Proof. Observe first that some choice of signs for ±(2m−1), ±(2m+1) and
±(2m + 3) yields integers ≡ 1 mod 4. Furthermore, a22 − a
2
3 = −8m and
b22 − b
2
3 = −8(m + 1) are, by definition, prime to p = a1 = b1. Therefore,
the freeness conditions (1.2) are satisified and a, b define a manifold M7a,b.
Moreover, n = −p2, so that H4(M7a,b;Z) = Zp2 .
Now a0 = −m and b0 = −(m + 1). Thus, by the hypotheses on m ∈
{1, . . . , p−2}, Theorem 4.3 implies thatM7a,b has non-standard linking form.

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